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ON THE CLASS NUMBER OF THE FIELD Q(e^'/P n ) AND THE 
SECOND CASE OF FERMAT'S LAST THEOREM 
By H. S. Vandiver 
Department op Mathematics, Cornell University 
Communicated by L. E. Dickson, March 31, 1920 
In the July 1919 number of the Bulletin of the American Mathematical 
Society, page 458, I gave an expression for the residue of the first factor 
of the class number of the field defined by e Ulr,p , p being prime, with re- 
spect to the modulus p", in terms of Bernoulli numbers. In v the present 
paper an analogous expression for the residue of the first factor of the class 
number of U(e 2i,r / pn ) modulo p, will be obtained and the result used to 
show that certain results due to Bernstein 1 on Fermat's last theorem do 
not have the generality stated by him. In view of the criticisms on 
Kummer's 1857 memoir on the last theorem which I have given elsewhere 2 
it is then pointed out that up to the present time no rigorous proof of the 
theorem for the exponents 59 and 67 has been given. 

Westlund 3 reduced the first factor of the class number of U(e ziT ^ n ), if 
n > i , to the form 

iM<n 

h, = k X 5 5 = kki (1) 

i /,p n ~\p-iy 'hnp n -\p-\y-\ 

where k is the first factor of the class number of U{e 2iT/m ), 8 = e 2,v/ ", 
H = <p(m) = ,p n ~~ l (p — 1), m = p n , m 1 = p n ^~ 1 ,r i is the least positive 
residue of r\ modulo p n , r being a primitive root of p n . The integer 5 
takes on all odd values < y. except multiples of p, and the function <p(6) 
defined by Westlund may be put in the form 

v(0) = r a + nfl + r + r, _ ,0* ~ \ 

We shall now reduce k x modulo p. To do this a modification of the method 
used by Kronecker in reducing the first factor of the class number of 
9,{e 2iT/p ) will be employed. 4 We have 

(r - (T 'MB) = p n g{6) (2) 

where 

g (f>) =- qo + qi e+ + g M _ l r" 1 

and 

_ rr t -r i + l 

P 
From an argument used by Westlund we also have 

n(r -er') = V^i- 



r 2 + 1 

"1 

where m 1 = <p{m 1 )- Since r is a primitive root of p n , then r 2 = — 1 + 
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M 



p n 1 a, where a is prime to p. Hence r 2 = ( — 1 + p" 1 a) t = — 1 + 
p"a + £ 2m ~~ 1 oi, where ai is a multiple aaa of a. Thus 



whence 

and since 
we have 



nfr-r s ) = i-^tf-~ - 1 = * + ?" «* 

s £ a 



(1 + a, #• - x ) £__ — .. — = n g (<0 

V2^ M ~ 2 (^-l) 2 -l 

2l/ 2p"~ 2 (p-l) 2 = 1 ( mo dp), 



h = Ug(6 s ) (mod p). (3) 

Now IIg(0 r ) = a, where a is a rational integer. Consider the expression 
ng(#0 — a, where x is an indeterminate. This is a polynomial in x which 
vanishes for x = 6, and hence is divisible by V(x) = U(x — 6'), i ranging 

i 

over the (p{ix) integers less than and prime to /i, since V(x) is irreducible 
in the domain of rational integers. We write then 

Ug(x s ) = a + V(x)W(x), (4) 

where W(x) is a rational integ/al function of x. Let 

V s = V s {x) = U(x - J) 

i 

where i ranges over all the integers less than 5 and prime to it, and o> is 
a primitive 5'* root of unity. Then 

^-\ = V.V Cl V Ci , (5) 

x* — 1 

where c h c 2 are all the numbers of the form p n ~ 1 k, where k is a di- 
visor of p — 1 which is<p — 1. Since r is a primitive root of p n it is 
also a primitive root of p. Also, (5) gives 

T ^= V,(r)V Cl (r)V Cl (r) (6) 

r M — 1 

Now no V c can be divisible by p since it would then follow that 

r c = 1 (mod p) 
which is impossible since c is not a multiple of p — 1. Since the left- 
hand member of (6) is divisible by p, we .therefore, conclude that V„(r) =E 
(mod p). Substituting x = r in (4) and using (3), we have 

h = Ug(r s ) (mod p). (7) 

By Fermat's theorem we have 
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ng(r s ) = n(g(r 2( "" »))*» - 2 <* - i>(mod p), (7a) 

s t 

where t — 1,2, , . To reduce g(r 2t ~ x ) modulo £, we have 

rti = r,- + i + rr,- - r< + i 
Raising to the power 2f, and noting that rr, - r t + i — (mod £>"), we get 

r 2 Vf = ff' + ! + Bfo - r< + 1 )rf + - 1 1 (mod p 2 "). 
Transposing, we have 

2trf + - \m - r,- + - r*V?' - ff + x (mod P 2 »). 
But, by definition, 

r< + i = t* + x (mod p") 
and therefore 

(", - r« + Orf ++! 1 - (rr, - r, + ^ + 1)(2 ' ~ x > (mod £ 2 *), 

whence, if t = o, 1, , /*- 1, 

2^'- ^^ - 1} = r 2 'Srf - Zr?'+ j (mod £ 2 "). 

Now 

zri = 2r,- + i = ai + o 2 + + a M — i 2 <> 

where the a's are the integers less than p n and prime to it. Hence 

n^-^^n^li^^mod^). (8) 

( t 2tp r 

To reduce the expression on the right-hand side we shall first consider 
the quantity S 2t . It will be shown that 

S 2t = R 2t (mod p n + x ) (9) 

for t < (p - l)/2 and 

5 a , - i? 2< (mod £ M ) (9a) 

for f = (£ - l)/2, where 

R 2t = i* + 2 2( + + (/»■ - l) 2i . 

We have 

S 2t = ^ - (/' + (2 P ) 2i + (3p) 2t + +(p n - p) 2t ) (%) 

= R 2t -P 2t (i 21 + 2 2 ' + + (p n - x - 1) 2( ). 

Now 

T 2t = l 2 ' + 2 2( + + (p n ~ l - I) 2 ' = (mod p n - x ) 

for t < (p- l)/2 and 

To show this let k be a primitive root of p n ~~ \ then k 2t T 2l = T 2( (mod 
/>" - x ) and 

(fe 2 < - \)T 2t = 0(mo6 L p n ~ 1 ). 

In this relation & 2( — 1 is prime to p for t < (p - 1)/2 and for 22 = £ — 1, 
fe 2( — 1 is divisible by p but not by £ 2 . Hence 

r 2i = o (mod p K - ') 
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for 2t < p - 1 and 

T t - 1 = 0(modp n - a ). (9c) 

Applying these to (96), the relations (9) and (9a) follow. We also have 
by the Bernoulli summation formula 

2t+l 2 \1/ 2 

_( 2 ^ h p*W - 3) + + (-1) ( + 'B t p«. 

where Bi = V«> #2 = Vso, etc. 

By the von Staudt-Clausen theorem, the Bernoulli numbers B h B% 

, B( t _ 3)/ 2 all have denominators prime to p. Hence \i2t < p - 1 

every term in the above expansion is an integer, or else a fraction whose 

denominator is prime to p. Also the numerators except in the last term, 

are divisible by p 2n . If 2t = p - 1, then the denominator of B P _ x is 

divisible by p but not by p % and, therefore, we may write 

R P _ ! = £ M ~ J a (mod £ 2 ") (a an integer prime to p). (10) 

Hence we may write 

R 2t - (-1)' + %p" (mod £" + x ) 

and, therefore, for any t < (p - l)/2 we have 

(r 2 ' - 1)5 8< = (r 2 ' - 1)K 2< = (-1)' + %(r 2t - 1) 

2* V " 1 _ 2*V* - 1 I^ 1 (m ° d?) (U) 

For £ = (p - l)/2, the corresponding factor in the right-hand member 

of (8) takes the form 

(f _i^v- 2 

We have from (9a) 

S, _ , = R p _ ! (mod £ K ) 
and, therefore, the relation (10) shows that (r* ~ x - 1)5^, _ x is divisible by 
^ * but not by p n + x since r* ~ 1 - 1 is divisible by p but not by p 2 . Then 
modulo f, the expression (11a) may be reduced to an integer prime to p. 
Using this in connection with (11), (7a) and (8), we obtain 

HP - 3)/2 \ p n - 2 { p - 1) 

n g (r s H U i Bj (modp). (12) 

Hence, Hg(r s ) and, therefore, k, is divisible by p if and only if at least one 

of the numbers B t (t = 1, 2, (p - 3)/2) is divisible by p. (A 

Bernoulli number is said to be divisible by an integer i when its denomina- 
tor is prime to i and its numerator is divisible by i.) Now Bernstein in 
his article cited above gives the result: 

Under the assumption that the class number of £l(e 2 ™ /pl ) is divisible by 
p but not by p 2 , the relation 
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x p + y p + z p = (13) 

is impossible in integers prime to each other if xyz = (mod p). 

I shall now show that this criterion constitutes no extension over the 
one given by Kummer to the effect that (13) is impossible in integers if 
p is a regular prime. For if the former applies to other than regular primes 
as exponents, then p must be a prime such that 

(# - 3)/2 

TlBi = (mod p). 

i = 1 

This being the case, it follows from (12) that k x == (mod p), and by Kum- 
mer's theorem, 5 k is also divisible by p. Hence h\ — (mod £ 2 ) con- 
trary to Bernstein's assumption that the class number of Q(e 2n/pl ) is not 
divisible by p 2 . 

In a paper cited above the writer pointed out errors in Kummer's memoir 
of 1857 on the relation (13). Considering this in connection with the 
failure of Bernstein's criterion it follows that Fermat's last theorem has 
not been rigorously proved for all non-regular primes less than 100. These 
non-regular primes are 37, 59 and 67. Mirimanoff 6 gave an adequate 
proof for the case p = 37, which leaves the cases p = 59 and 67 still to be 
disposed of. 

In connection with the cyclotomic class number it may be noted that 
Furtwanglef 7 proved that the class number of Sl(e 2i */i> n ) is divisible by 
the prime p if, and only if, the first factor of the class number of the field 
$l(e 2i * /p ) is divisible by p. 

2. Bernstein 8 also gave a criterion in connection with (13) for the case 
where x, y and z are prime to p. He makes two assumptions the first 
being to the effect that the second factor of the class number of Q,{e 2 " /P ) 
is divisible by p, and states I. c, p. 507, that his criterion includes that 
of Kummer's 1857 memoir as a special case. This is not correct, how- 
ever, as there are no primes, p less than 100 such that the 2nd factor of 
the class number is divisible by p. (This follows from some computations 
by Kummer 9 in connection with certain investigations regarding the last 
theorem.) This being the case, Bernstein's criterion can at most supple- 
ment Kummer's which latter criterion stated that if (13) is satisfied in 
integers such that xyz is prime to p then B (P _ 3)/3 and B( t _ 5)/2 are divis- 
ible 10 by p. 

This criterion would eliminate, for example, all p's less than 100, which 
Bernstein's condition does not do. 

3. Kummer 11 rigorously established the theorem that (13) cannot be 
satisfied in integers prime to each other if p is a regular prime, and noted 
that all primes < 100 were regular except 37, 59 and 67. But Kummer 12 
also showed that the first factor of the class numbers of il(e 2,w/p ) for all 
primes p, where 100 < p < 167, excepting p = 101, 103, 131, 149 and 
157, was in each case prime to p. n It follows that the primes p which are: 



Vol. 6,1920 GENETICS: C. W. METZ 421 

> 100 and < 167 with the exceptions noted above are all regular and 
the last theorem is proved for these exponents p. 

1 Gottingen Nachrichten, 1910 (507-16). 

2 These Proceedings, 6, 1920 (266). 

3 Trans. Amer. Math. Soc, 4, 1903 (201-12). 

4 Hilbert, Die Theorie der Algebraischen Zahlkorpers, p. 430' 
6 Hilbert, I. c, p. 429. 

sCrelle, 111, 1893 (26-30). 
''Ibid., 140, 1911 (29). 

8 L. c, pp. 482-88. 

9 Abhandlungen Berlin Academy, 1857, p. 73, verification of 2nd assumption. 

10 Kummer, I. c, pp. 63-5. 

11 Crelle, 40 (93-139). 

12 Berlin Monatsberichte, 1874. 

13 Hilbert, /. c, pp. 429, 435. 

OBSERVATIONS ON THE STERILITY OF MUTANT HYBRIDS 
IN DROSOPHILA VIRILIS 

By C. W. Metz 

Station for Experimental Evolution, Carnegie Institution op Washington 

Communicated by C. B. Davenport, May 28, 1920 

In an earlier paper 1 by Metz and Bridges, attention was called to two 
cases of apparent incompatibility between mutant races in Drosophila. 
One of these cases involved my data on the sex linked characters rugose 
and glazed in Drosophila virilis. Subsequent to the publication of this 
paper another character appeared in D. virilis that shows the same rela- 
tions to rugose and glazed that they do to one another. 2 A study of these 
three characters has brought out some interesting relationships and has 
apparently revealed an error in the previous publication that should be 
corrected. 

It may be recalled that hybrids between rugose and glazed were in- 
variably sterile, while supposedly pure stock of each mutant was fertile 
and hybrids of either with other mutant stocks were fertile; hence it was 
concluded that rugose and glazed were incompatible. It appears now 
that a mistake was probably made in the statement that pure stocks of 
both rugose and glazed have normal fertility. Apparently this should 
have applied only to rugose, for later work has shown that females 
homozygous for glazed are usually sterile and that pure cultures cannot be 
maintained — at least without great difficulty. Possibly this condition 
has arisen by the secondary appearance of sterility factors in the stock 
since the previous paper was written, but more probably the earlier stock 
was impure, at least part of the time — the impurity having been over- 
looked through confusion with rugose in which the homozygous females 
are somatically normal. Unfortunately no accurate records of stock 



